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1. INTRODUCTION 
The determination of all simple groups whose order is divisible by only 
three distinct prime factors is a well-known unsolved problem in finite group 
theory. John Thompson’s classification of minimal simple groups shows that 
the order must be one of the following: 2a3b5c, 2a3b7c, 2a3b13c, or 2a3b17G. In 
this article, we show that there are no simple groups of order 2a3b.5c with 
c > 2 containing a cyclic Sylow 5-subgroup. Combined with known results, 
this shows: 
THEOREM 1. A simple group of order 2a3b5c containing a cyclic Sylow 
subgroup is A, , A, , OP O,(3). 
It has been conjectured that every simple group has a cyclic Sylow subgroup. 
If so, there are no unknown simple groups of order 2n3b5c. 
A number of results on simple groups of order 2”3bpc with a cyclic Sylow 
subgroup are already available. R. Brauer [3] proves that the cyclic Sylow group 
is self-centralizing. It is well known that theSylow2-subgroup cannot be cyclic. 
M. Herzog [8] shows that the Sylow 3-subgroup is cyclic only for the follow- 
ing groups: A, , PSL(2, 7), PSL(2, S), and PSL(2, 17). In the same article 
Herzog proves that, if the Sylow p-subgroup Pis cyclic and [N(P): C(P)] = 2, 
then the group is one of those just listed, or else A, . Herzog [7] also classifies 
simple groups of order paqbyc with pB > qb > rc in which a Sylow p-subgroup 
or Sylow q-subgroup is cyclic. R. Brauer [3,4] has proven that the only simple 
groups of order 2a3b5 are A, , A, , and O,(3). 
* This research was done during the author’s tenure as a National Science Founda- 
tion Graduate Fellow at the California Institute of Technology. 
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2. PROOF OF THEOREM 1 
In view of the results of Herzog [8], we may restrict our attention to 
the case of a simple group G containing a cyclic Sylow 5-subgroup 
P = (n), 
N(P)/C(P) is isomorphic to a 5’-group of automorphisms of P and hence 
has order 1, 2, or 4. In the first case, Burnside’s Theorem shows that G 
has a normal 5-complement and hence is not simple. In the second case, 
a theorem of Herzog [g] mentioned in the Introduction shovvs that G is -iz, 
or -4,. So we may assume N(P)/C(P) has order 4. 
We apply the theorems of Dade [6] on blocks with cyclic defect groups to 
the principal block B,(5) of G. For a principal block, the theorems are some- 
what simpler than in the general case. In the notation of [6], the inertial 
group E is simply the normalizer of the defect group D; this follows because, 
if b&V(D)) denotes the principal block of N(O), the only block b of C(D) 
satisfying Wo) = b&N(D)) is the principal block of C(D) [2]. The integers yi 
are all + 1, as can been seen by applying [6, Theorem 1, Part 3] to the identity 
character. Finally, the modular irreducible yi of [6, Proposition 1.61 is simply 
the identitv character. 
In our situation, the theorems of Dade tell us that B,(5) contains 4 modular 
irreducible characters. There are 4 “nonexceptional” ordinary irreducible 
characters x1 = 1, xz , x3 , x4 and a family of (5” - 1)/4 “exceptional” 
ordinary characters (xA : h E A>, all of the same degree. Let fi denote the 
degree of xi for i = 2,3,4 and f5 denote the common degree of the xx . 
There are integers l a , l a , <a , l s , each 31, such that xi(&) = ci for i = 2, 3,4 
and xAEA x,,(&) = Ed , where 0 < k < 5c. Block-section orthogonality 
between the columns of 1 and r6’@ gives the equation 
By considering the restriction of a character x of G to the Sylow group P, 
we obtain the following: 
LEMMA 1. If x is a clmmctu of G rafimal on 5-elements, then x( 1) = 
x(T?-~) (mod 59. 
49pbing Lemma 1 to x2 , x3 , x4 , and Cnsn xA yields the congruences 
fi = Ed (mod 5”) for i = 2, 3,4 and (5” - l)f,/4 E Ed (mod 5”). Since 
(SC - 1)/4 = 1 (mod 5), we have fi = ci [mod 5) for i = 2, 3,4, 5. Stronger 
congruences hold if c 3 2. 
The fi are not divisible by 5; hence we may write fi as 2”i3ti. 
These equations and congruences have only finitely many solutions. 
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LEMMA 2. The equations 
t*> 1 + ~~2~~3~~ + •~2~~3~~ + ~2’13~P + ~~2~~3~~ = 0, 
Ei = *1, 2”i3fi = l t (mod 5), for i = 2, 3,4, 5, 
have esnctl$ the following solutions in integers: 
1)1+1+1+1-4=0, 11)1-g-64-99881 =O, 
2)1+1+1-9+6=0, 12) 1 - 9 - 64 + 36 + 36 = 0, 
3)1+1-4+6-4=0, 13) 1 - 9 - 64 + 96 - 24 = 0, 
4) 1 + 1 + 16 + 6 - 24 = 0, 14) 1 -9-64- 144+216 =0, 
5)1+1+16-54+36=0, 15)1+X1-4454-24=0, 
6)1-9+1-9+16=0, 16)1+81-64+6-24=0, 
7)1-g-4+6+6=0, 17)1+81-64-54+36=0, 
8)1-9-4416-440, 18) 1 - 729 - 64 + 576 + 216 = 0, 
9) 1 - 9 - 4 + 36 - 24 = 0, 19) 1 - 729 + 256 + 256 + 216 = 0, 
10) 1 - 9 + 16 + 16 - 24 = 0, 20) 1 - 729 - 1024 + 1536 + 216 = 0, 
21)l - 729 - 16384-t 17496- 384 = 0. 
The proof of this key lemma will be given in Section 3. 
At this stage we assume, in view of [3], that c 3 2. For the nonexceptional 
characters xi , xi(l) = ~~(rr”-~ ) (mod 25). Hence f? = ci (mod 25) whenever 
xi is a nonexceptional character. The only solution in which this stronger 
congruence holds is solution (1). We have shown: 
Let G be a group of order 2a,3”5e, c > 2, containing a cyclic Sylow 
5-subgroup P such that [N(P) : C(P)] = 4. Then the principal 
5-block contains 4 linear characters and (5~ - 1)/4 characters of 
degree 4. 
This implies, of course, that G cannot be simple. 
Remark. Lemma 2 tells us a good deal about the case c = 1. We proceed 
in a similar manner to Brauer [3, 41. By block separation, 
c cffi = 0 (mod 2*) and c C& = 0 (mod 3”). 
B&mB,(5) B,l3hB,W 
By [5], characters of degree a power of 2 cannot lie in B,(2) and characters of 
degree a power of 3 cannot lie in B,(3). Also, by [l], no character in B,(2) 
can have degree divisible by 2a-1 ( un ess a = l), and similarly for B,(3). 1 
Finally, the number of Sylow 5-subgroups is 2a-23b, which must be congruent 
to 1 modulo 5; this requires that a = 6 + 2 (mod 4). Applying these criteria 
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to the solutions given in Lemma 2, we obtain the following possibilities for 
the order of a simple group of order 2a3b5 with [N(P) : C(P)] = 4: 
Order Degrees in B,(5) Solution Number 
25335 1, 4, 9, 24, 36 9 
26345 1, 6, 24, 64, 81 16 
28365 1,216,256,256, 729 19 
The first alternative can be eliminated by several methods; for example, 
the simple groups with a representation of degree 4 are known. Brauer 
eliminates the third alternative [4, p. 21-231 and shows that the second 
alternative occurs only in the group O,(3) [Lt, p. 27-483. 
3. SOLVING THE DEGREE EQUATION 
The proof of Lemma 2 will be discussed in this section. The actual opera- 
tions were done entirely on a computer. An outline of the procedure will be 
given here. Copies of the program are available upon request. 
Reordering the terms if necessary, Eq. (*) can be written as: 
c-t 1 + E,3fz + E32+ + E42S~3fa + Ej2sj3fj = 0: 
for there must be i 2 2 such that term i of (*) is odd; without loss of generality, 
i = 2. There must be j 3 2 such that term j is prime to 3. Suppose j = 2. 
Then s, = t, = 0, and it follows from the congruence that Ed = + I. The sum 
of the first two terms on the left of (*) is 2; hence there must bej’ 2 3 such 
that termp is prime to 3. Thus, without loss of generality, j = 3. 
The procedure for solving (**) together with the conditions ci = $1, 
2”i3fi = E< (mod 5) divides into three steps: 
1) The conditions ci = &l, 2Sz3ti = ei (mod 5) are used to find ail 
possible values of the E[ and of s3 , So , sg , t, , t, , t, module 4. 
2) Congruences modulo primes of the form 2”‘3” + 1 are used to find 
all possible values of s3 , So , sg , t, , t, , t, modulo high powers of 2 and 3. 
3) Congruences module powers of 2 and 3 are used to find all possible 
values for s 3IJ‘1>%, 2, 1, j t t t absolutely. 
Step 1. Ed, e3, Ed, and Ed can each take on the value -1 or + 1, but 
not all E: can be equal. Hence there are 14 possible cases, corresponding to 
different values for Ed , c3 , E* , and Ed . For each case, t, and s3 are computed 
modulo 4 from the conditions 3ts = Ed (mod 5) and 2”~ = E% (mod 5). 
Each case is subdivided into 16 subcases according to the values of s, and sg 
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modulo 4. ta and t, are then computed module 4 from the conditions 
2Si3tf = 3ti-~ c l i (mod 5) for i = 4, 5. 
Thus, at the conclusion of step I, we have 224 cases corresponding to 
different values for the l i and different values of the si and ti modulo 4. 
Actually, some cases can be eliminated by symmetry. 
Step 2. Here we use congruences module primes of the form 2”‘3” + I 
to determine the possible values of the si and ti modulo high powers of 2 
and 3. It turns out that in step 3 we will need the possible values of the si 
modulo 2 . 3’; actually, the possibilities for Si modulo 2437 and ti modulo 2436 
will be found. 
The key to using congruences is the following elementary remark: Let K, 
and k, be the exponents of 2 and 3 module p, where p is some prime different 
from 2 and 3. Then the left side of (**) can be computed module p from 
the values of the ci and the values of the si module k, and the ti module K, . 
Table I gives the exponents of 2 and 3 module various primes of the form 
2”‘3” i- 1. 
TABLE I 
Prime Exp. of 2 Exp. of 3 
5 22 2” 
I 3 2.3 
13 223 3 
17 23 24 
19 2 . 3” 2 . 3” 
37 2232 2 . 32 
73 32 223 
97 29 2’3 
109 2?32 33 
163 2 . 3” 2 . 35 
433 233” 33 
487 35 2 . 35 
577 2&3” 2’3 
1297 233’ 2 . 31 
1459 2 . 35 2 . 36 
2917 2”35 2 . 36 
3889 2334 3’ 
17497 2 . 3’ 36 
Table II gives three sequences: A sequence x0, x1 ,..., X, of positive 
integers with the property xi 1 X~+~ , a sequence y,, , y1 ,..., yn of positive 
integers with the property yi / yi+l , and a sequence g1 ,..., 9$ , where Pi 
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is a set of primes with the property that 2”~ = 1 (mod p) and 3Yi =; 1 (mod $)? 
whenever p E Bi . (Actually, n is 10 for the sequence in Table 2.) 
TABLE II 
- 
i Xi Yi d 
0 22 2’ 
1 223 223 
2 2”3” 2?3 
3 23” 2232 
4 2332 2&3* 
5 2&3” 2”3” 
6 2.~32 2A33 
7 2a34 2434 
8 2’35 2’35 
9 2135 243” 
10 243’ 2a36 
j7, 13) 
(731 
{19> 371 
{17: 
{97, 577) 
{log, 433) 
{163, 1297, 38893 
{487! 
j1459, 2917) 
{I7497) 
x,, = y0 = 4; thus we begin step 2, knowing all possibilities for si modulo 
x0 and ti modulo y0 . We proceed inductively as follows: At thej-th stage, 
we have a certain number of cases, corresponding to different values for the 
si modulo xj and the ti modulo yi . Each case is divided into subcases according 
to the possible values of the si modulo X~+~ and the ti modulo yjil . Since t, 
and s2 are always assumed to be zero, each case is subdivided into 
(~~+J.v~)a( ~~+~/y~)~ subcases. For each subcase, we compute the left side 
of (**) modulo each prime in ~9~~~ and discard all subcases fcr which we 
obtain a nonzero quantity modulo any of the primes. The remaining subcases 
then form the cases with which we begin stagej + 1. 
Proceeding in this manner, we obtain all possibilities for So , s& , sg modulo 
2”37 and f, , t, , t, modulo 2436. 
Step 3. Here we determine s 3 , s, , ss and t, , th , t, absolutely. The follow- 
ing elementary fact is used: the exponent of 2 modulo 3” is 2 ~ 3c-1. We shall 
compute the left side of (**) modulo 38. 
Consider a given case resulting from step 2. Q, 63 > h4 > 65 are known; 
% 3 G > ss are known modulo 2”37; t, , t, , t, are known modulo 2436. The 
factors 2si in (**) can be computed modulo 3s. For i = 2,4, 5, tj can be 
written as fi + 2”3%z, , where 0 < & < 2436 and ni is a nonnegative integer. 
If ni > 0, obviously 3ti 3 0 (mod 3*.) If ni = 0, trivially 3ti = 3’2 (mod 38). 
Thus there are at most two possibilities for 3ti modulo 38. Hence, there are 
at most eight possibilities for the left side of (**) modulo 38, depending on 
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which of the numbers n, , ?z~ , and ns are zero. If none of these possibilities 
are 0, the case is discarded. If the left side of (**) is 0 modulo 3s only if 
n, = n4 = n5 = 0, then we have determined t, , t, , and t5 absolutely. 
It turns out that checking Eq. (**) modulo 38 suffices to determine the ti 
absolutely in every case. We illustrate the procedure with two examples. 
9 E3 4 % t2 s3 s4 t4 $5 t, 
Example 1 -1 -1 fl -1 2 2 2 2 3 1 
Example 2 -1 -1 +l -1 6 14 3 7 7 1 
Example 1 Example 2 
n2 
left side of 
n4 n5 (**) mod 38 ‘12 
left side of 
n4 n5 (**) mod 38 
0 0 0 0 
0 0 pos. 24 
0 pos. 0 -36 
0 pos. pos. -12 
pos. 0 0 9 
pos. 0 pos. 33 
pos. pos. 0 -27 
pos. pos. pos. -3 
0 0 0 0 
0 0 pos. 384 
0 pos. 0 2187 
0 pos. pos. 2571 
pos. 0 0 729 
pos. 0 pos. 1113 
pos. pos. 0 2916 
pos. pos. pos. 3300 
In both cases, t, , t, , t, are determined absolutely. In example 1, a check 
modulo 3” would have sufficed; however, in example 2, a check modulo 3’ 
would have failed to eliminate the possibility na = rz5 = 0, n4 positive. 
These two examples correspond to solutions number 9 and 21. 
In similar manner, s3 , S, , and sS are determined absolutely by checking 
Eq. (**) modulo 2 20. Actually, the process is easier because there is no 
problem in computing 3$i modulo 2a”, the ti being known absolutely at this 
stage. 
The result of this procedure is 33 possibilities for l a , E 3 9 c4 7 % > t, 9 t4 , t, T 
s3 Y s, , s, . These correspond to the 21 solutions listed in the statement of 
Lemma 2, some solutions appearing more than once. 
ACKNOWLEDGMENT 
The author wishes to thank Professor Marshall Hall, Jr. for suggesting the method 
of congruences for solving diophantine equations of the type encountered in the proof 
of Theorem 1. 
ON SIMPLE GROUPS OF ORDER 2”3”.5’ 457 
REFERENCES 
1. R. BRAUER, Investigations of group characters, Am. of M&. 42 (1941), 936-95s. 
2. R. BPAUER, Some applications of the theory of blocks of characters of finite groups, I, 
J. AZgebm 1 (1964), 152-167. 
3. R. BRWER, On simple groups of order 5 ' 2" . 3", Brrli. Amer. Math. Sot. 74 
(1968), 9OCb903. 
4. R. BWLJER, “On Simple Groups of Order 5 . 2” . 3”,” Mimeographed Notes, 
Department of Mathematics, Harvard University, Cambridge, Mass., 1968. 
5. R. BXAUER AND H. F. TIJAN, On simple groups of finite order, I, Bdi. Amer. 
Math. SOC. 51 (1945), 756-766. 
6. E. C. DADE, Blocks with cyclic defect groups, Ann. of Math. 84 (1966), 20-48. 
7. M. HERZOG, On finite simple groups of order divisible by three primes only, 
J. AZgebm 10 (1968), 383-388. 
8. RI. HERZOG, On groups of order 2a3W with a cyclic Sylow 3-subgroup, Pwc. Amer. 
Math. Sac. 24 (1970), 116-118. 
